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g>i Abstract 

Branncn has recently pointed out that the observed charged lepton masses satisfy the 
f***- , relation m e + m ll + m T = | (^/m e + ^Jm^ + y/m T ) 2 , while the observed neutrino masses satisfy 



(N 



the relation m u \ + m u2 + fJi/3 = g(— y/m^i + ^/m„ 2 + \/m„ 3 ) 2 . It is discussed what neutrino 



3 

Yukawa interaction form is favorable if we take the fact pointed out by Brannen seriously. 

o 

O ' 1 Introduction 

It is well-known that the observed charged lepton mass spectrum |T] satisfies the relation 

mm 

. 2 2 

O m e + m M + m T = - {y/rh~l+ y/m^+ y/rrw) , (1.1) 



3 

Q-i, with remarkable precision, while the observed masses (rrifi, mf2, rn>fz) of the other fundamental 

particles /, (quarks and neutrinos) do not satisfy [I] a relation similar to (1.1) straightforwardly. 
However, Brannen has recently pointed out a possibility that the observed neutrino masses 
^ . can satisfy the relation 

S' 

2 2 
m u i + m V 2 + m v z = - {-y/rn u i + y/m u2 + ^Jm vZ ) . (1.2) 

Of course, we cannot extract the values of the neutrino mass ratios m v \/m u2 and m u2 /mu3 
from the neutrino oscillation data Amj, olar and Am^ > unless we have more information on 
the neutrino masses, so that we cannot judge whether the observed neutrino masses satisfy 
the relation (1.2) or not. Nevertheless, it is worthwhile to examine the Brannen's speculation 
seriously, because it seems to bring a new view into a lepton mass matrix model if his conjecture 
is correct. 

The Brannen's conjecture (1.2) is somewhat unforeseen, because since we have known the 
existence of the lepton flavor mixing, we expect that the neutrino mass matrix structure will be 
quite different from that of the charged leptons, so that the neutrino mass spectrum will also be 
different from that of the charged leptons. If the charged lepton masses satisfy the relation (1.1), 
the neutrino masses will not be able to satisfy the relation (1.2) even if we allow the replacement 
^m u i — ► —^Jm v i. In order to understand the formula (1.1), for example, a model [HllEllIj with 
a seesaw-type mass generation mechanism (Sj has been proposed: 

M f = m L Mp l m R , (1.3) 



where Mp are hypothetical heavy fermion mass matrices and, for the charged lepton sector, 
the structure Mp oc diag(l, 1, 1) is assumed. (For neutrino sector, Eq. (1.3) reads M u = 
mpM^rn^.) Here, the mass matrices mj, and mp are given by mp oc mp oc diag(wi, V2, V3), 
where Vi are vacuum expectation values (VEVs) of 3- family scalars (ft Li {(ftm) and the VEVs V{ 
satisfy the relation 

v\ + v\ + v\ = - (v t +v 2 + v 3 ) 2 . (1.4) 

Of course, we do not rule out a possibility that the values of are negative. (Such a Higgs 
potential model which gives the relation (1.4) is proposed in Ref.|3l 171191 HP].) In such a seesaw- 
type model with diagonal mp and uir, mixings among fermions fi are caused by the non-diagonal 
structure Mp. If Mp in the charged lepton sector is proportional to a unit matrix 1, the observed 
neutrino mixings tell us that the structure of the heavy neutrino matrix (the Majorana mass 
matrix of the right-handed neutrinos Nr) Mn cannot be unit matrix, so that the eigenvalues 
of the matrix mpMZ m£ will not satisfy the relation (1.2) even if we allow the replacement 

If we take the Brannen's speculation seriously, we must abandon such a model (1.3) (with 
a universal mp structure). For example, we may modify the model as 

Mf = m f L M~ l m f R , (1.5) 

where Mp have a unit matrix structure universally, at least, for the charged lepton and neutrino 
sectors, and m£ (and m R ) have flavor-dependent structures. Then, in order to give the relations 
(1.1) and (1.2), it is required that the eigenvalues Vfi of the matrices m L (m R ) always satisfy 
the relation (1.4). We relax the constraint on mp from a rigid ansatz of the universal structure 
into the constraint (1.4). 

Since Mp oc 1 do not play any essential role in the modified model (1.5), we may rather 
consider a Frogatt-Nielsen type model with six dimensional operators f Li (ftfiHpcftfifRi, where 
Hp is the conventional SU(2)^-doublet Higgs scalar, and (ftfi are 3-family SU(2)^-singlet scalars. 
However, in the present paper, we do not have interest in whether the effective mass matrix form 
originates in a seesaw model or in a Frogatt-Nielsen model. Our interest is only in the neutrino 
Yukawa interaction form. For convenience, in the present paper, we will discuss a possible model 
in the framework of a seesaw mass matrix model. 

The purpose of the present paper is not to give a model which leads to the Brannen's con- 
jecture. The purpose is to investigate what Yukawa interaction form is required when we accept 
the Brannen's conjecture and when we take the observed neutrino mixing into consideration. In 
the present paper, it is assumed that the eigenvalues vji of the Dirac mass matrices m L of the 
charged leptons and neutrinos satisfy the relation (1.4). In the next section, we will introduce a 
useful parametrization for describing charged lepton and neutrino masses in terms of a permu- 
tation symmetry S3 [T^]. In Sec. 3, we will investigate a possible neutrino mass spectrum within 
the framework of the S3 symmetry. In Sec. 4, we will propose a phenomenological neutrino 
Yukawa coupling form, where the S3 symmetry is explicitly broken. Finally, Sec. 5 is devoted in 
the concluding remarks. 



2 Mass spectrum parameters Z{ 

It is convenient to use parameters zi which are defined by {<fth} = v i = vzi with the 
normalization condition + z| + z| = 1. The relation (1.1) [(1-4)] requires that the parameters 
Zi satisfy the relation 

4 + 4 + 4 = \ (*1 + *2 + Z 3 f . (2.1) 

The values of Zi are obtained from the observed charged lepton masses as 

1 (2.2) 



y/m e ^ m [i \J m T \Jme + "V + m " r 

and the explicit numerical values are z\ = 0.016473, zi = 0.236869 and z% = 0.971402. 

Since the relation (2.1) is invariant under any exchange Zi «-> Zj, it is useful to use the 
language of the permutation symmetry S3: We define the singlet (pa- and doublet (cj)^,^) of S3 
for the fields (pi (and also for fi): 

<Ptt = ~^(<p3 ~ 4>2), ^ = -^=(2^-^2-03), 0<7 = -^=(03 +^2 + 0l), (2.3) 

where we have taken the basis (ei, e2, 63) as (ei, e2, 63) = (e, /x, r) corresponding to the definition 
(2.2). The definition (2.3) is different from the conventional one. This definition will become 
useful for description of the neutrino mixing as we show later [for example, see Eq. (3.3)]. 

In order that the VEVs V{ satisfy the relation (1.4), it needs that the Higgs potential leads 
to the relation 

4 + 4 = 4, (2.4) 

where (<ffy) = vz n , (cpl) = vz v and ((fr a ) = vz a . The explicit form of the Higgs potential which 
leads to the relation (2.4) has been given in Ref . [51 ITU] . 

By the way, in general, the eigenvalues Aj of any Hermitian matrix M (MM* if M is not 
Hermitian) can be expressed by the following form: 



Ai = 3a — 36 sin 9, 

A 2 = ±a- i&sin(fl + fvr) , (2.5) 
A3 = — ^frsin (0 + g7r) , 



where 

a = TrM, b = V2^3Tr(M 2 ) - (TrM) 2 . (2.6) 

Therefore, any three-flavor mass spectrum can always be expressed by the two parameters b/a 
and 9 independently of the structure of M. Only for the case with Tr(M 2 ) = §(TrM) 2 , it gives 
the relation b = y/2a. Inversely, if we take b = \[2a in (2.5), the matrix M satisfies the relation 



Tr(M 2 ) = |(TrM) 2 . (Although the author ^2] and Brannen have discussed a specific mass 
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matrix form 




(2.7) 



in connection with the mass formula (1.1), the constraint b = \[2a has been assumed (not 
derived) in their models, so that it does not mean that the relation (1.1) was derived in their 
models.) 

In the present paper, since we take the three-flavor Higgs potential model ^U] which gives 
the relation (2.1) [i.e. (2.4)], the parameters z% can be expressed as 



^ = 76-73sin(0 e + §7r), (2. 



where the numerical value of 6 e is given by 



, - - - e = 42.7324° (e = 2.2676°), (2.9) 



4 

from the observed charged lepton masses. 

Since we assume that the neutrino masses m u i satisfy the relation (1.2), we can also define 
the z\ parameters in the neutrino sector as 



2 = 76 - 73 sin (^ + l 7r )' ( 2 - 10 ) 

75-75 sin ^+^)> 



with \z\\ < \z%\ < I ^3 1 . Then, Brannen |Hj has also empirically found that if the observed 
neutrino mass values are given by 

0„ = e + ^ = 57.7324° , (2-H) 

which gives 

z v x = -0.079938, 4 = 0.385404, = 0.9192788. (2.12) 
The Brannen's empirical relation (2.11) [i.e. the z\ -values (2.12)] predicts 



|m 2 -m 2 .) (4) 4 -«) 4 

R = f-r — f\ = IL IL = °- 0318 > 2 - 13 

\ m v3~ m u2\ (4) 4 -(4) 4 



which is in good agreement with the observed value of R |141 115j 

Am2 soiar _ (7-9±g;g) x 10- 5 
Aml tm (2.72+0;!) x 10" 3 



However, note that we cannot predict the ratio R only under the assumption (1.2), i.e. 
unless we also assume the value of 9 U . In Fig. 1, we illustrate the predicted value of R versus 8 U 
under the assumption (1.2). The present observed values of Am| are consistent with the value 
of 9 V ~ 55° — 58°. In other words, if we want to consider a model in which the neutrino masses 
satisfy the relation (1.2), we must build a model which gives 9 V ~ 55° — 58°. 

In the present paper, we take the Brannen's conjecture (2.11) seriously, and we investigate 
what Yukawa interaction from in the neutrino sector can lead to the relation (2.11). BrannenjS] 
has tried to build a new mass model with an algebraic approach. However, in the present paper, 
we will discuss a possible mass matrix form within the framework of a conventional mass matrix 
model, i.e. based on a Higgs mechanism and an extended seesaw mechanism. 

3 S3 symmetry and Yukawa interaction in the neutrino sector 

We have assumed that the Yukawa interaction in the charged lepton sector is given by 

H e = y e (i L1 E m <t> d L1 + £L2E m 4> d L2 + hsEm^) , (3.1) 



with a universal coupling constant y e , where £n = (yhi^Li) and 4> d Li = </>jji) ■ (In the 
previous section, the neutrino Ui (i = 1,2,3) denoted the mass eigenstates. However, in the 
present section, we will use the same notation V{ as the SU(2)l partners of en = (ejj, t£), 
respectively.) We also assume the same structure for Lme c Ri (j)Ri, where Lju = (E Ri ,N Ri ) and 
< i )< Ri = (^Riifihi)- The explicit quantum number assignments are found, for example, in Refs.0 
H8 for SU(2) L xSU(2) i? xU(l) model, and in Ref.[17 for SO(10) xSO(10) model. 

The Yukawa interaction (3.1) is invariant under the S3 symmetry, but, of course, it is not a 
general form which is invariant under the S3 symmetry. Only when we consider that the Yukawa 
interaction (3.1) with the VEV {(ft Li) = v% = vzi gives the mass matrix m e L in the seesaw model 
(1.5) with M = MqI, the predicted charged lepton masses satisfy the formula (1.1). 

The present observed neutrino data strongly suggest that the neutrino mixing is almost 
described by the so-called tribimaximal mixing ^H] 
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(3.2) 



V2 I 



Under the definition (2.3), the neutrino states (u e , u^, v T ) are represented by 
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(3.3) 



Therefore, it is useful to express the neutrino (Dirac) matrix on the basis (z/„, u a , not 
on the basis (u n , v^, u a ). Here, the neutrino states u^, v n and u a are defined by a relation similar 



to Eq.(2.3) with (yi, ^3) = (u e , v T ). When the mass matrix M v becomes diagonal on the 
basis (u v , v a , the mixing matrix is given by the tribimaximal mixing (3.2) exactly. 

If we require the S3 symmetry, the Yukawa interaction is generally given by the form 



VI ^ 4>a + 2/2 



f IV A- f ]\J f TV — f TV 



V2 



V2 



+2/3 



'■1 *<t ~r <-a 



V2 



V2 



2/4 



//V+//V— 2f N 

71 



(3.4) 



where the heavy neutrinos N{ denote vm, and <p u = {(p^ , cjP L ) . In the present investigation, the 
S3 symmetry is a necessary condition, but it is not a sufficient condition. For the charged lepton 
sector, we have assumed the form (3.1), which corresponds to the case with y\ = V2y 2 = 1/3 = 
y e /s/3 and 2/4 = in the S3 invariant general form (3.4) with l a N a — > l a &Ra and — ► 4>a 
(a = Tr,rj,a). Therefore, in order to obtain the form (3.1), we must a further selection rule in 
addition to the S3 invariance, for example, a cyclic permutation symmetry, and so on. For the 
neutrino sector, in order to reduce the number of parameters, we assume the following selection 
rules: 

(i) The VEVs of the up-type Higgs scalars (j>f satisfy the relation 



<c> 2 + (r v r = <c> 2 , 



u\2 



iu\2 



(3.5) 



as well as Eq.(2.4). (We assume a similar Higgs potential structure for the up-type Higgs scalars 
(f>f as well as <j)f.) 

(ii) We have assumed the universality of the Yukawa coupling constants for the (ei, e2, e^) basis 
in the charged lepton sector as shown in Eq.(3.1). We also assume the universality of the 
Yukawa coupling constants in the neutrino sector [however, not for the (vi, U2, ^3) basis, but for 
the (u^jU^jfa-) basis]. 

Considering that the observed mixing is almost given by the tribimaximal mixing (3.2), 
i.e. the neutrino Dirac mass matrix is almost diagonal on the (u v , v a , v w ) basis, we confine 
ourselves to investigating a specific case with 2/1 = 2/2 = Uu and 1/3 = 1/4 = 0: 



Vv 



+ £ V N V + e a N a 



V3 



V2 



+ 



AT — / N 



V2 



(3.6) 



The interaction (3.6) yields the neutrino Dirac mass matrix 



M° = ml 



( ^ \ 





\ V2 



±a_ n 
Vs u 

^ + ^ 



(3.7) 



where mg = y u v u , <<«> = v u z%, <<^) = v v z%, {<%) = and (z«) 2 + (z«) 2 + (z«) 2 = 1. The 

mass eigenvalues are given by 



mg, 



K)' = (75 z " " ti^) 2 + K) 2 
< = 73«, (3-8) 
«)' = + 7!^(^) 2 + K u ) 2 ) mg. 



When we use the relation (3.5), i.e. 



(z«) 2 + (z«) 2 = (z«) 2 = i (3.9) 

we obtain 

K)' = (75 - 5)^0. 

< = 7g m o> (3-10) 
«)' = (75 + i)mg, 

independently of the parameter value of z^/z™ (in other words, independently of the magnitude 
of the u w <-> v v mixing). The result (3.10) means 

V = \, (3.H) 

from the definition of 9„, Eq.(2.11). 

As seen in Fig. 1, although the present interaction form could not give the Brannen's 
relation (2.11), the value 9 V = 60° is very close to the Brannen's conjecture 9 V = 57.73°. In fact, 
the result (3.10) predicts 

R = m »\ ~ m »\ = 4 ^" 9 = 0.04245. (3.12) 
m u3 2 - m u2 2 4^/6 + 9 

Although the value (3.12) is somewhat large comparing with the Brannen's prediction (2.14), 
the prediction(3.11) is, at present, not ruled out within three sigma. 
The value (</>") 7^ yields the u w -u v mixing: 

tan2^ = 4- (3-13) 

z ri 

If we take z%/z% = z^/z^, the case yields a large deviation from the tribimaximal mixing. 
Therefore, we cannot choose the same values zf as zf. We must consider (</>") ~ differently 
from the case of the down-type Higgs scalars 4>f. 

4 Phenomenological neutrino Yukawa interaction form 



In the previous section, we have required the S3 invariance for the neutrino Yukawa interac- 
tion H u , and, in order to obtain the result (3.11) near to the Brannen's relation (2.11), we have 
found that we need a VEV structure (<fi u ) ~ differently from the VEV structure of (f) d . In the 
present section, we assume the same structure of (cj)f} as ((f)f) (i.e. the same parameter values 
of Zi). Alternatively, we abandon the S3 invariance of H u , although we still use the notation 
(71", j], a) in the S3 symmetry. The purpose of the present section is not to derive the Brannen's 
relation (2.11) from a model with some symmetry, but to investigate what Yukawa interaction 
form is required if we take the Brannen's relation (2.11) and the tribimaximal mixing (3.2) seri- 
ously. Of course, if we introduce several adjustable parameters, it is always possible. Therefore, 
we still adhere to the universality of the coupling constants. 

We consider only terms which keep the mass matrix diagonal on the (is v , v a , v^) basis: 



£ n N n + e v N v + l a N a ZrNn-inNr, 



V3 



V2 



£ n N n + - 2i a N a 



(4.1) 



Here, we have assumed that the first term in (4.1) is still invariant under the S3 symmetry. The 
three (£N) terms in (4.1) are linearly independent of each other. Similarly, we assume that the 
scalar s (f> x and (f> y are linearly independent of (f) a , i.e. <f> x and 4> y are given by linearly independent 
combinations of 4> n and (fr v . 

In order to fix <p x and (f> y , we assume that the interaction H v is invariant under the exchange 



b v ), i.e. we assume 



\ + 



V2 



V2 



(4.2) 



Although this symmetry is analogous to the so-called 2 *-* 3 flavor symmetry 
mass matrix, the present tt-tj symmetry does not mean v„ <-> v T symmetry. 
As a result, we obtain 



in the neutrino 




V3 + 1, , v^-l 



2^2 



2y/2 




Since we obtain 



(071 



V2 



COS ( 



6) 



VZr, 



V2 



sm ( 



(0 CT ) = vz a 



(4.4) 



from the definitions (2.3) and (2.8), the neutrino Yukawa interactions (4.3) yields the following 
neutrino Dirac mass matrix on the (y„, u a , u„) basis: 



= diag^^TTw,™^), 



(4.5) 



m m = y u v 
m aa =y v v 
= y u v 



^_^ sin(0e + 5 ) 
^ + ^cos(0 e -§) 



(4.6) 



where we have used that sin(7r/12) = (y/3- l)/2\/2 and cos(vr/12) = (V3 + 1)/2V2. Comparing 
the expression (4.6) with the expression (2.10), we obtain the Brannen's empirical relation (2.11), 
V = e + it/ 12, which can give a reasonable prediction (2.13). Note that the definition of the 
(ir,rj,cr) basis of S3, (2.3), is essential for the derivation of the Brannen's relation (2.11). If we 
took another conventions of the S3 representation, we would not obtain the Brannen's relation 
(2.H). 

If we regard m u s as m v z = y Am„ (ra , from m v i tx {z\ ) 2 , we obtain 



(3.94lg;^) x 10^ 4 eV, m v2 = (9.17™) x KT 3 eV, m u3 = (5.22^) x 10" 2 eV, (4.7) 



-0.62 



0.35a 



where we have used the best fit value ^1 ^ m atm = (2-72 



-0.38 ^ 



q 25; x 10 eV . The predicted values 
(4.7) lead to 

A774 = (8.39±S#) x 10" 5 eV 2 , (4.8) 

which is in good agreement with the observed value Jl] Am^ = (7.9^Qg) x 10~ 5 eV 2 . 

Of course, since the mass matrix is diagonal in the (z^, iv, z^-) basis, the neutrino 
mixing matrix U is exactly given by the tribimaximal mixing (3.2), which gives 



sin 2 20 23 = 1, 



(4.9) 



tan 6*12 



1 

2 

I U13 1 



?12 = 35.26°), (4.10) 

= 0. (4.11) 

The prediction (4.10) is also in good agreement with the observed value Jl] tan 2 #21 = O^^oq^. 
We would like to emphasize that, in order to obtain the tribimaximal mixing (3.2), the magni- 
tudes of the mass eigenvalues \m m \ < \m a(T \ < {m^l are essential together with the definition 
of the S3 basis (2.3). 

5 Concluding remarks 

In the present paper, it has been pointed out that if we take the phenomenological relations 
(1.2) and (2.11) seriously, we must consider that the Yukawa interactions in the neutrino sector 



are given by the form (4.1). The Yukawa interactions (4.1) leads to the tribimaximal mixing 
(3.2) and the Brannen's relation (2.11) [so that the neutrino mass spectrum (4.7)]. Although, in 
Sec. 4, we have put a requirement of the tt <-> r] symmetry for the neutrino Yukawa interaction H u 
instead of the S3 symmetry, the requirement is, of course, merely a phenomenological assumption. 
For the charged lepton sector, we have assumed the S3 invariant Yukawa interaction, while, for 
the neutrino sector, we have assumed the S3-breaking interaction (4.1). The tribimaximal mixing 
(3.2) has already been derived, for example, from an A4 symmetry |2U| . The interaction form 
(4.1) will be understood from an extended finite symmetry. 

To the contrary, if we adhere the S3 symmetry, as we discussed in Sec. 3, we can obtain 
the result (3.11), which is numerically near to the Brannen's relation (2.11). However, we must 
assume that ~ in the up- type Higgs scalars differently from the case in the down- type 
Higgs scalars. The case (3.6) is also interesting. 

In the present seesaw model, the 3-family SU(2)i-doublet scalars fa cause a flavor-changing 
neutral current (FCNC) problem. Besides, the new heavy fermions E R i and En together with 
the scalars fa considerably affect the evolution of the gauge coupling constants. If we want to 
avoid these problems, we can take an alternative model, a Frogatt-Nielsen-like model: 

H eff = y e £ L Hi(^\ e R + yJ L Hl^u R + u R M R u* R , (5.1) 

where £ L = (u L ,e L ), H d L = {H+,H%), HI = (H®,H~), is a 3-family SU(2) L -singlet scalar, 
and A is a scale of the effective theory. (Here, we have denoted the expression (5.1) symbolically. 
For example, the interaction l<pv R should read the interaction (4.1).) 

In the present paper, we have discussed the masses and mixings only in the lepton sectors. 
We think that if there is a beautiful law in the masses and mixings of the fundamental fermions, 
we will find it just in the lepton sectors, because the mass generation mechanism seems to be 
simple just in the lepton sectors. If we define 

fl ( } = fe^WM, (5 . 2 ) 
nifi + mf 2 + m/3 

where r/j = ±1 (i = 1, 2), the ratio b/a in the expression (2.5) with ra^ oc Af is given by 



(5-3) 



V2a V R ' 

where R (not Rf) is defined by Eq.(2.13) and a and b are defined by Eq.(2.5) [or Eq.(2.6)]. In 
the lepton sectors, we have found 

R e (+,+) = R u (-,+) = 1, (5.4) 

so that (b/y/2a) e = (b/y/2a) u = 1. However, as seen in Table 1, in the quark sectors, there is no 
solution of a/b which gives i? n (7y", ^ ) = RdivfiVi)- Therefore, the present idea in the lepton 



sectors cannot be applied to the quark sectors straightforwardly. In the seesaw model (1.5), we 
have assumed that the heavy fermion mass matrices Mp in the lepton sectors are stuructureless, 
i.e. M cc 1. For quark sectors, we may consider that Mp have some structure except for the 
unit matrix 1, so that the quark masses will not satisfy the relation (5.2) with Rf = 1. Our goal 
is to find a unified description of the quark and lepton masses and mixings. For this purpose, 
the present study in the lepton sectors will provide a promising clue to the unified model. 
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Table 1: Values of Rf(rji,r]2) which is defined by Eq. (4.2): For convenience, the pole mass 
values P for the charged lepton masses, the values (3.13) for the neutrino masses, and the quark 
mass values for the running mass values at fj, = mz [25 are used, respectively. In the Table, the 
center values have been used as the input values. 



Sector 




R(-,+) 


R(+,-) 


R(- ,-) 


Charged lepton 


0.999998 


0.946922 


0.376006 


0.34374 


Neutrino 


1.28 


1.00 


0.251 


0.137 


Up-quark 


0.753 


0.743 


0.590 


0.581 


Down-quark 


0.955 


0.834 


0.481 


0.397 




Fig. 1 R versus U under the relation (1.2). The horizontal lines denote the 
observed values R = (2.9 ± 0.5) x 10~ 2 . 



